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ABSTRACT 
 Lattice Boltzmann methods (LBM) have several features 

that make them attractive for computation of large fluid 
mechanics problems in complex geometries. For example, in 
comparison with the conventional projection methods that are 
widely used in computational fluid dynamics, LBM does not 
require solution of a pressure Poisson equation which usually 
accounts for ~ 80% of the computational time required per 
time step, and it is also local, making parallelization 
straightforward, and run time on distributed memory 
architectures linearly scalable. LBM has therefore been 
considered for direct simulation of multiphase flows, but its 
application has been limited because of instabililties that arise 
when the viscosities become small and/or the density mismatch 
between the fluids is large. Current approaches to computation 
of multiphase systems using LBM are reviewed, and new 
approaches based on multiple relaxation times and a 
regularization procedure which maintain stability at low 
viscosities are discussed and a technique using time-splitting, 
that alleviates the density ratio constraint, is proposed. 
Applications of the LBM to magnetohydrodynamic (MHD) 
multiphase flows will be discussed. 
 
INTRODUCTION 

Multiphase flows are ubiquitous in nature and in many 
engineering applications.  Direct numerical simulations of 
such flows require determination of interfacial locations and 
shapes in conjunction with the flow field and are extremely 
challenging. Multiple length and time scales also arise and add 
to the difficulty. Conventionally, methods such as front-

tracking [1], volume-of-fluid [2], level set [3] or phase-field [4] 
are employed. They involve a direct solution of the continuum 
equations, including an auxiliary equation for interface motion 
and the usual conservation equations for mass and momentum. 
These are generally solved by the projection method [5, 6]. 

The lattice Boltzmann method (LBM) is a relatively new 
computational approach for fluid dynamics [7, 8].  It is based 
on kinetic theory. It involves the solution of the so-called 
lattice Boltzmann equation (LBE), which is a simplified form 
of the Boltzmann equation [9]. This equation describes the 
evolution of the distribution of populations of particles at 
scales smaller than macroscopic scales and greater than 
molecular scales. The distribution of the particle populations is 
modified by the advection and collisions of the particles which 
occur on a lattice. The lattice, respecting sufficient 
translational and rotational symmetries, restricts the movement 
and interactions of particles to a relatively small set of discrete 
directions such that in the continuum, the collective behavior 
of the particle populations corresponds to the dynamics of fluid 
flow described by the weakly compressible Navier-Stokes 
equations. Since the boundary conditions can be handled with 
relative ease, the LBM is suitable for handling complex 
geometries. Moreover, the pressure field is calculated locally 
from the distribution function thereby avoiding the time-
consuming solution of Poisson-type equation involved in the 
projection method. Since the procedure involves operations 
that are local and explicit, they are naturally suitable for 
implementation on parallel computers.   
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From a physical point of view, since the LBM computes 
the evolution of the distribution function at scales smaller than 
the macroscopic scale, physical models for complex fluids that 
are derived from kinetic theory can be naturally incorporated. 
The rapid development of the LBM has been documented in 
several review papers [7, 10-14] and monographs [8, 15].   

REVIEW OF MULTIPHASE FLOW MODELS 
In the case of multiphase flows, the earliest LBMs were 

somewhat ad hoc in nature.  In essence, two different particle 
populations, identified by different colors, were used to 
distinguish the phases. Phase separation was maintained by a 
recoloring step which forced the particle populations 
representing colored fluids to move towards fluids with the 
same color [16, 17]. Subsequent models were developed with a 
greater physical basis. In these models, phase segregation and 
interfacial dynamics could be simulated with mean-field forces 
based on inter-particle potentials [18-20] or by concepts 
derived from a free energy functional [21, 22].  It was shown 
out that the LBM based on the latter ideas has certain 
unphysical features, such as the lack of Galilean invariance 
[23]. This limitation was alleviated in [24].  

The LBM multiphase flow models have been evaluated 
and compared with analytical or other numerical methods or 
experimental data for standard benchmark problems in 3D 
such as drop oscillations, drop deformation and breakup in 
shear flow, dynamics of rising bubbles and Rayleigh-Taylor 
instability, all of which show good agreement [25-28]. For 
high resolution computations required to resolve finer 
multiphase flow structures, an axisymmetric LBM multiphase 
flow model that introduces curvature effects to a 2D model has 
been developed and evaluated for various canonical problems 
including Rayleigh instability, including the generation of 
drops from cylindrical liquid columns [29]. While these studies 
have been promising, LBM multiphase flow models have 
certain limitations that need to be overcome so that it becomes 
a more reliable approach for practical applications.  

One limitation is that the standard LBM employs a 
Bhatnagar-Gross-Krook (BGK) model [30] to represent the 
effect of collision on the distribution of particle populations. 
According to this model, collisions cause the distribution 
functions to approach their local equilibrium values at a rate 
which is determined by a relaxation time parameter. This 
relaxation time parameter is related to the kinematic viscosity 
of the fluid being simulated. It has been found that the BGK 
model becomes unstable as the viscosity becomes smaller or, 
equivalently, at higher Reynolds numbers. To alleviate this 
limitation, multiple-relaxation time (MRT) models have been 
proposed [31-33]. This has recently been extended to 
multiphase flows [34-37], which were employed to study 
binary drop collisions [38] and liquid jet break-up [39] and 
reviewed in detail in [40]. We will discuss such MRT 

multiphase models and their application in this paper. Another 
and more recent approach involves regularizing/renormalizing 
the non-equilibrium part of the distribution function of the 
particle populations prior to collisions [41]. This procedure has 
been generalized for complex fluid flows such as multiphase 
flows [42] and will be discussed with an application in this 
paper. 

Another important limitation of LBM multiphase flow 
models is that they are unstable at high density ratios. It is 
understood that the compressible nature of the method plays an 
important role in this issue. However, the detailed aspects are 
still not clearly understood and its solution based on kinetic-
theory considerations has not yet been found. Nevertheless, 
some efforts have been made to address this problem. One of 
the first attempts involved using a total variation diminishing 
(TVD) with artificial dissipation scheme [43].  The collision 
and intermolecular force terms were treated as explicit source 
terms and time marching is done via a second-order Runge-
Kutta scheme. However, this approach severely restricts the 
range of the relaxation time and Reynolds number. Another 
approach to alleviate the density ratio limitation employs a 
projection method has been proposed [44]. This is essentially a 
heuristic approach and undermines the simplicity and 
parallelizability of the LBM. Also, an implicit method that 
uses a set of consistent discretization strategies for the various 
forcing terms in the LBM for stabilization at higher density 
ratios has recently been proposed [45].  

We have approached this problem from a different 
perspective. Instead of representing multiphase flow by a 
single-fluid formulation, that renders the interface diffuse and 
leads to the interfacial compressibility issues, we solve the flow 
fields for each phase separately and match the interfacial 
kinematic and dynamic conditions sequentially, i.e., through 
time-splitting. The key to this approach is the reconstruction 
procedure for various interfacial fields based on the interfacial 
boundary conditions and is obtained by means of a Chapman-
Enskog analysis [46]. The interface is advected by means of 
level sets, while the flow field in each phase is determined by 
the LBM and various interfacial fields are obtained through a 
reconstruction procedure that satisfies the velocity and stress 
boundary conditions in a sequential way. The method 
circumvents the density ratio problem. Moreover, the 
computed interfaces are sharp and thus the method has the 
added potential that computations of high Schmidt/Prandtl 
number interfacial scalar transfer rates become possible. The 
basic idea of this method while akin to the ghost-fluid method 
[47, 48], avoids the solution of the Poisson-type pressure 
equation. We discuss this approach in this paper. 

Physics of free surface/multiphase flows with additional 
features such as the presence of magnetic fields are important 
in the proposed liquid wall blanket concepts for fusion 
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applications [49]. Recently, magnetohydrodynamic (MHD) 
LBM have been developed for single-phase flows [50, 51]. We 
have employed these models to simulate MHD multiphase 
flows and will be discussed in this paper. 

The paper is partially a review of previous work such as 
the MRT model and partially outlines new work related to the 
regularization procedure, time-splitting model and MHD 
modeling. It is organized as follows. In the next section, the 
multiple-relaxation time (MRT) LBM model for multiphase 
flows will be briefly presented. The reader is referred to [34-
37] for details of this model. Then, the regularized model will 
be discussed. This will be followed by a discussion on the time-
splitting approach as applied to LBM for multiphase flow. 
Then, MHD modeling using LBM will be discussed. Results 
and discussion follow. The paper concludes with a summary 
and indicates some directions for future work. 

MULTIPLE-RELAXATION TIME (MRT) LATTICE 
BOLTZMANN MODEL FOR MULTIPHASE FLOWS  

The MRT lattice Boltzmann (LB) model [34-37] is based 
on the solution of the simplified form of the continuous 
Boltzmann equation for non-ideal fluids given by [19] 

( ) ( )
,Mextf

f f
t RTρ

− ⋅ +∂ + ⋅ = Ω +
∂

u F F∇∇∇∇
ξξξξξξξξ            (1) 

where ( , , )f f t≡ x ξξξξ is the particle distribution function, 

ξξξξ is the particle velocity, u  is the macroscopic fluid velocity 

at location x , Ω  represents the change in the distribution 

function due to collisions, F represents the mean-field force 
based on the inter-particle potential between particle 

populations, and extF represents external forces such as gravity 

and/or Lorentz force in electrically conducting fluids in the 
presence of magnetic fields. The collision term Ω  is 
commonly modeled by employed the BGK single-relaxation 

time model [30], according to which ( ) /Mf f λΩ = − − , 

where λ is the relaxation time. In this work, on the other 
hand, the LB model derived from Eq. (1) consists of an MRT 
collision term. 
 

 The equilibrium distribution function, Mf is given by 

the local Maxwellian 
2

/2

( )
exp

(2 ) 2
M

D
f

RT RT

ρ
π

 −= −  uξξξξ
                (2) 

where ρ is the density, R is the ideal gas constant, T is the 

temperature, and D is the dimension of the space. The fluid 
density and macroscopic momentum are obtained as the zeroth 
and the first kinetic moments of the distribution function. 

 
The mean-field force F is modeled as a function of 

density based on the work of van der Waals [52]. The 
exclusion-volume effect by Enskog [53] is incorporated to 
account for the increase in collision probability due to the 
increase in density of non-ideal fluids. For more details, the 
reader is referred to [19, 20]. Effectively, this force may be 
written as 

,sψ= − +F F∇∇∇∇             (3) 

where the function ψ  represents the non-ideal part of the 

equation of state 
( ) .P RTψ ρ ρ= −             (4) 

In this model, the Carnahan-Starling-van der Waals equation 
of state (EOS), 

2 3
2

3

1
,

(1 )
P RT a

θ θ θρ ρ
θ

 + + −= − −                    (5) 

is employed where / 4bθ ρ= [54]. The parameter a is 

related to the inter-particle pair-wise potential and b is related 
to the effective diameter d of the particle and the mass m of a 

single particle by 32 / 3b d mπ= . 
 

 The function ψ  assumes an important role in 

determining phase segregation [20]. The Carnahan-Starling-
van der Waals EOS has a P v T− − curve, in which 

/ 0dP d ρ <  for certain range of values ofρ , when the state 

fluid temperature is below its critical value. This part of the 
curve represents an unstable physical situation and is the 
driving mechanism responsible for keeping the phases of fluids 
segregated and in maintaining a self-generated diffuse 
interface. 

 

The term sF in Eq. (3) represents the surface tension 

force and is related to the density and its gradient by 

  2 ,s κρ ρ= ∇F ∇∇∇∇               (6) 

where κ is a surface tension parameter. This parameter is 
related to the surface tension σ of the fluid by the equation 
[55] 

2

,dn
n

ρσ κ ∂ =  ∂ ∫                 (7) 

where n is the normal direction of the interface. Thus, σ  is a 
function of both the parameter κ and the density profile across 
the interface. To facilitate the numerical solution of the 
governing set of equations discussed above, the particle 
velocity space is discretized with a small discrete set of 

velocities{ }αe , where α represents the particle velocity 

direction. The physical space is discretized such that the 
discrete distribution function travels from one grid node to its 
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adjacent node in each time step along the discrete directionα . 
This coupling of the particle velocity and the physical space 
comprises the lattice.  

The collision term, Ω  in the MRT model is modeled as a 
relaxation process in which the discretized distribution 
function approaches its local equilibrium value at 
characteristic time scales given in terms of the components 

αβΛ of the collision matrixΛΛΛΛ . Thus, the lattice MRT LBE for 

multiphase flows may be represented by  

( )
( )

( , ) ( , )

1/ 2 ,

t t

eq

t

f e t f t

f f

I S

α α α

αβ β β

αβ αβ β

δ δ

δ

+ + −

= −Λ − +

− Λ

x x

         (8) 

where Sβ represents the source term containing the mean-field 

forces and Iαβ is the component of the identity matrixΙΙΙΙ . 

When the distribution functions are multiplied by an 
appropriate transformation matrix ΤΤΤΤ (see [32, 34] for two-
dimensional problems and [33, 36] for three-dimensional 
problems), they can be mapped to a moment space. In the 
moment space, the collision matrix ΛΛΛΛ becomes a diagonal 
matrix. The moments fall into the categories of conserved 
moments, such as density and momentum, and non-conserved 
moments, such as viscous stress and kinetic moments. 
Physically, collisions do not change the conserved moments 
while the non-conserved moments relax to their equilibrium 
values which are algebraic functions of the conserved moments 
[32, 33]. For multiphase phase flows, these moments are 
related to phase segregation terms and surface tension through 
a Chapman-Enskog analysis [34, 36]. Since some of the 
moments of the distribution functions, such as the components 
of the viscous stress, carry direct physical import, the 
relaxation parameters in the resulting diagonal collision 
matrix are directly related to the various transport coefficients, 
such as bulk and shear viscosities. This allows independent 
control of the time scales of the various hydrodynamic modes 
and thus improves stability, particularly at lower shear 
viscosities, where the standard LBM models are prone to 
instability. Next, we discuss an alternative technique, i.e. the 
regularization procedure to improve stability. 

REGULARIZED LATTICE BOLTZMANN MODEL FOR 
MULTIPHASE FLOWS  

In regularized LBM, instead of using a MRT matrix, the 
standard BGK collision term is retained. However, the 
distribution functions prior to collisions are renormalized. This 
has been shown to result in significant improvement in 
stability for single-phase flows [41]. Here, we present its 
generalization to multiphase flows. In the following, we 
consider Greek symbols for particle velocity directions and 
Latin symbols for Cartesian components of spatial directions 

and assume summation convention for repeated indices of 
Cartesian components. The starting point is the LBE with a 
force interaction term, which can be algorithmically split into 
the collision step with forcing term update 

       
( , )

1
( , ) ( , ) 1 ,

2 tt
f t f t Sα α α α δ

τ
 = + Ω + −  ɶ

x
x x      (9) 

where fα
ɶ

represents the post-collision distribution function 

and the streaming step 

                     ( , ) ( , ).t tf t f tα α αδ δ+ + = ɶx e x           (10) 

Here, αe represents the lattice velocity direction. In the 

collision step, fα to relax to its equilibrium value eqfα in a 

characteristic time tτδ , where tδ is the time step, i.e. the 

collision term αΩ becomes 

                               ( )1 eqf fα α ατ
Ω = − −            (11) 

and further modified by the presence of forces throughSα . The 

streaming step represents the change in fα as the particles 

stream along their characteristicsαe , with a speedc , 

where txc δδ /= , from one lattice node to its adjacent one, 

which are separated a distance whose Cartesian component 

is xδ .  The equilibrium distribution function eqfα  in Eq. (11) 

is given by 

            
2 41 ,

2
ijeq k

k i j
s s

Qe
f w u u u

c c
αα

α α ρ
 

= + +             (12) 

with 

                            2
ij i j s ijQ e e cα α α δ= −            (13) 

being the second-order, symmetric lattice velocity tensor. Here, 

ijδ  is the Kronecker delta, wα is the weighting factor [7] and 

1 3sc c=              (14) 

is the speed of sound. The source term Sα representing the 

effect of force interactions may be written as 

                    
2

( ) ( )
,eqext

s

S f
c

α
α αρ

− ⋅ += e u F F
          (15) 

where F is the mean-field force given in Eq. (3) and 

extF represents forces such as gravity and/or Lorentz force.  

 
The key element in the regularization procedure is to 

expand the distribution function fα around its local 

equilibrium value 
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                        * (1) ,eq
tf f f fα α α αδ= ≡ +            (16) 

and substitute in the collision step, i.e. Eq. (9), so that it 
regularizes to the following: 

(1)1 1
( , ) 1 1 .

2
eq

t tf t f f Sα α α αδ δ
τ τ

   = + − + −      ɶ x         (17) 

Applying Chapman-Enskog analysis [53] yields the non-

equilibrium part of the distribution function (1)fα  as [42] 

( )( )

( )

( )

(1) (1)
,4 4

,2

2

2 2

1

2

,

ij ij i ext i j ij
s s

k k ext k

s

i j ij
s

w w
f Q F F u Q

c c

w
e F F S

c

w
u Q

c

α α
α α α

α
α α

α
α

τ τ

τ ρ

= Π + +  − + + −  
− ∂

     (18) 

where (1)
ijΠ is the non-equilibrium momentum flux tensor 

given by 

                   ( )(1) .eq
ij i je e f fα α α αα

Π = −∑                      (19) 

Eq. (18) is the main result of this section. The first term on the 
right hand side (RHS) of this equation corresponds to that 
given in [41], while second, third and fourth terms arise due to 
force interactions and the last term occurs when there are 
spatial gradients in density, such as that across interfaces in 
multiphase flows [42].  The density ρ and the velocity fields 

u can be obtained from the distribution function as  

                                 ,fα
α

ρ =∑             (20) 

                    
1

( ) ,
2 ext tfα α

α
ρ δ= + +∑u e F F                (21) 

                               2 1
.

2s tcν τ δ = −                               (22) 

Equations (10)-(15) and (17)-(22) constitute the regularized 
LBM with force fields such as that for multiphase flows. 

The reason for improvement in stability of this model 
becomes apparent when it is considered in the moment space 
as was done with the MRT model in the previous section. This 
is done by multiplying Eq. (18) by the transformation matrix 
T [32, 33]. The collision matrix effectively becomes 

* 1ˆ (1 1 )τ −−ΛΛΛΛ = TRT where the components of 

R are
42 ij i j
s

w
R Q e e

c
α

αβ α β β= . *Λ̂ΛΛΛ has contributions to 

hydrodynamic moments or physical modes only and but not to 
kinetic moments, sometimes also called ghost or spurious 
modes, which exist for the standard BGK model. That is, the 
regularization procedure radically eliminates all the non-

physical modes. In the case of single phase flows, compared to 
the standard BGK model, the regularized model has been 
shown to be more accurate apart from significantly improved 
stability [41]. While the MRT model is more general, the 
regularized model is simpler and more efficient to implement.  
It may be noted that in moment space, the forcing term 
components in Eq. (19), i.e. the second and third terms on the 
RHS have mutually orthogonal contributions, while the rest 
have full contributions [42]. In the Results and Discussion 
section, we will discuss an application of this procedure to 
multiphase flows. Next, we discuss the proposed time-splitting 
LBM for interfacial multiphase flows.  
 

TIME-SPLIT LATTICE BOLTZMANN MODEL FOR 
MULTIPHASE FLOWS  

Consider a two-phase system, consisting of the liquid 

phase with Lρ and Lν  as density and kinematic viscosity, 

respectively, and the gas phase with Gρ and Gν  as density and 

kinematic viscosity, respectively, as shown in Fig. 1. At timet , 

the liquid and gas phases occupy locations { }L∈x x  

and { }G∈x x , respectively, and are separated by a sharp 

interfaceS . For generality, it is assumed that the fluids are 

subjected to external force field ρ=F a , where a is the 

acceleration, such as gravity. The domain is considered to be 
discretized by means of a two-dimensional, nine-velocity 
(D2Q9) lattice model. The flow field in each phase can be 
represented by the averaged effect of the distribution 
function fα

, where α is one of the nine velocity directions, 

whose evolution is given by the lattice Boltzmann equation 
(LBE) 

  ( ) ( , )( , )

( , ) ( , )

1 1
1

2

t t

eq
ttt

f t f t

f f S

α α α

α α α

δ δ

δ
τ τ

+ + − = − − + −   xx

x e x
          (23) 

which is essentially the combined form of Eqs. (9) and (10).  
 

The equilibrium distribution is given by  

2 4 2

1
,

2 2
i jeq k i k k k

k
s s s

e ee j j j j
f w j

c c c
α αα

α α ρ
ρ ρ

 
= + + −        (24) 

where the subscripts },{,, yxkji ∈  and as before the 

summation convention of repeated indices is assumed. Here ij  

is the Cartesian component in the i − direction of 

momentum ρ≡j u , where u is the velocity. The weighting 

factor wα is given by 
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4 / 9 0

1/ 9 1,2,3,4 .

1/ 36 5,6,7,8

wα

α
α

α

== = =                              (25) 

The source term Sα for the external force field in Eq. (23) is 

the same as Eq. (15), with ext+F F replaced byρa . The 

macroscopic fields, such as density and momentum in each 
phase are obtained by taking kinetic moments and the 
pressure, are obtained directly from density: 

,fα
α

ρ =∑                                            (26) 

1
( ) ,

2 tfα α
α

ρ δ= +∑j e a                     (27) 

2.sP cρ=                                               (28) 

As in the previous section, the above macroscopic fields satisfy 
the weakly compressible Navier-Stokes equations in the 
continuum limit, whose kinematic viscosity is related to the 
lattice parameters as given in Eq. (22). 
 

At the interfaceS , where a local coordinate system 

{ , }n T  is set up, wherein n and T are the local normal and 

tangent, respectively (see Fig. 1), interfacial physics through 
jump conditions needs to be satisfied by the macroscopic fields. 
They are given by 

0,xG xL

G L

j j

ρ ρ
− =                                      (29) 

0,yG yL

G L

j j

ρ ρ
− =                                      (30) 

        ( ) ( )2 2 ,n n n n curvG L
P j P jν ν σκ− + ∂ − − + ∂ =      (31) 

        ( )( ) ( )( ) 0.n T T n n T T nG L
j j j jν ν∂ + ∂ − ∂ + ∂ =     (32) 

Equations (29) and (30) are the kinematic conditions of the 
continuity of the velocity fields, while Eqs. (31) and (32) are 
the dynamic conditions based on stresses. Here, σ and 

curvκ are surface tension and local curvature, respectively. 

Since the LBM solves the distribution functions, i.e. 
mesoscopic variables, while the interfacial conditions are given 
in terms of macroscopic field variables, the main feature of the 
proposed approach is the development of a procedure that 
incorporates the latter in the former in a physically consistent 
way. 

As in the previous section, the starting point for the 
procedure involves expanding the distribution function around 
its local equilibrium, 

(1) ...,eq
tf f fα α αδ= + +            (33) 

where the non-equilibrium part (1)fα can be written in terms of 

momentum gradient tensor j ij∂ and external acceleration 

ka through the Chapman-Enskog analysis [53] 

(1)
2 2

( ) ( )

1
,

2

j i ij k k
s s

w w
f j Q e a

c c

S

α α
α α α

α

τ τ ρ

τ

= − ∂ − + −      (34) 

where ijQα is given in Eq. (13). Following [56, 57], since Eq. 

(34) is rotationally invariant with respect to any orthogonal 
coordinate system, Eqs. (33) & (34) can be written in terms of 
the local interface coordinate system { , }n T  and by assuming 

incompressibility condition and neglecting terms that are 
higher order in Mach number, i.e. O (Ma2) or higher and 
linearizing the nonlinear terms and after some simplification, 
we get for 0,1,...,8α =  [46] 
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( ){ }

' ' '
1 2
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r m x m y

t
shs n T T n nors n n

s

f w C C j C j

w C j j C j
c

α α

α

ρ
τδ

= + + −

∂ + ∂ + ∂
   (35) 

where the coefficients are given by 

' *
2
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2
k k
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s

e a
C E e a

c
α
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*
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1
,
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x
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s

u
C E e E a
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*
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y
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s

u
C E e E a
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,shs nT n TC Q e eα α α= =  

( )2 2 2 2 22 ( ) 2 .nors nn n T s n TC Q e e c e eα α α α α= − + − = −  

Here,  += 4

*

2
* 1

ss
c c

E

c
E α

α ,   += 4

*

2
*

2

1

ss
d c

E

c
E α

α , **
kkueE αα = , 

neα α= ⋅e n , ,Teα α= ⋅e T  

where *u is appropriately spatially or temporally extrapolated 

value of velocity at a given node and n and T are local normal 
and tangent, respectively. Equation (35) is the key equation in 
the procedure. Notice that according to this equation, the 
distribution function is a function of density (or pressure), 
components of momentum and interfacial momentum gradient 
tensor. 
 Depending on the interface topology, the distribution 
functions corresponding to certain directions that arrive from 
the other side of a given phase are unknown. As an illustration, 
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in Fig. 1 at locationx , the distribution functions 

corresponding to directions 1,4,7,8α = are unknown on the 

liquid side, while those for 2,3,5,6α = are unknown on the 

gas side. So, in general, let −∈Vα and Vα +∈ represent the 
set of unknown and known directions, respectively, for a given 

phase, with ( )n V − and ( )n V + being the corresponding 

number of unknown and known directions, respectively. 

Obviously, 9)( =−+ VVn ∪ .  Now, the interfacial jump 

conditions, Eqs. (29) - (32), need to be satisfied in computing 
the unknowns. To this end, we follow a time-splitting 
procedure, where in a given time step the stress boundary 
conditions from the gas side is employed to determine the 
unknown distribution functions and interfacial momentum and 
density (or pressure) and followed by applying the velocity (or 
momentum) boundary conditions from the liquid side to 
determine the unknown distribution functions and interfacial 
momentum gradient tensor and density (or pressure). 
 
 Hence, for the interfacial nodes on the liquid side, 
using Eqs. (31) and (32) in Eq. (35), we get for 0,1,...,8α =  

{ }

( )

( )

' ' '
1 2

2
( )

2

r L m xL m yL

G
shs n T T n G

Lt

s L G curv G
nors n n G

L L

f w C C j C j

C j j

w
c P P

C j

α α

α

ρ

ν
ντδ

σκ ν
ν ν

= + + −  
∂ + ∂       − − + + ∂     (36) 

Here, the unknowns are fα
for −∈Vα and xLj , yLj  and 

Lρ or LP . And, for the interfacial nodes on the gas side, using 

Eqs. (29) and (30) in Eq. (35), we get for 0,1,...,8α =  

( ) ( ){ }

' ' '
1 2

2

y LxL
r G m G m G

L L

t
shs n T T n nors n nG G

s

jj
f w C C C

w C j j C j
c

α α

α

ρ ρ ρ
ρ ρ

τδ

     = + + −         
∂ + ∂ + ∂

(37) 

Here, the unknowns are fα
for −∈Vα and( )n T T n G

j j∂ + ∂ , 

( )n n G
j∂  Gρ or GP .  In Eqs. (36) and (37), the relaxation 

timeτ is chosen such that it is used to determine the respective 
kinematic viscosity of each phase using Eq. (22). 
 Notice that on each side, the total number of unknown 

interfacial fields, which are a ( )n V −  set of mesoscopic and 3 

macroscopic or hydrodynamic fields, ( ) 3n V − +  changes 

depending on the shape of the interface.  On each side, the 
total number of equations available to determine the 

unknowns, which are ( )n V +  set of equations for Vα +∈ and 

a mass conservation constraint ρ
α

α
α

α =+ ∑∑
+− ∈∈ VV

ff  

providing ( ) 1n V + +  equations. Thus, the number of 

unknown fields can be different from the number of equations 
available to solve them. Generally, the number of equations 
exceeds the number of unknowns. As a result, a least squares 
method is employed to determine the unknown fields. In 
essence, on each side, first the 3 unknown macroscopic fields 

are solved by using ( ) 1n V + +  equations that corresponds to 

Eq. (36) or (37), as appropriate, for −∈Vα  and the mass 
conservation constraint through a least squares approach. 
Once, the macroscopic fields are known, Eq. (36) or (37) can 

be employed to determine the ( )n V − unknown mesoscopic 

fields through a simple substitution. With the velocity fields 
known, the interface is advected by a kinematic equation for 
the level set function φ  

0.tφ φ∂ + ⋅∇ =u            (38) 

0φ > represents liquid phase, while 0φ > corresponds to gas 

phase and 0φ = the interface. To maintain φ  as the signed 

distance function, it is reinitialized using a suitable partial 
differential equation without changing its zero level set [3]. 
Once the level set function is known, interface topological 
information such as normals n , tangents T and curvature 

curvκ can be computed. 

 Hence, in summary, the time-splitting LB approach 
for multiphase flows involves the following sub-computational 
steps for each time step: 

(i) Interface is advected by using a level set method, 
which also provides the normals, tangents and 
curvatures at the interface. (Interface Advection 
Step) 

(ii)  For lattice nodes closer to the interface on the gas 

side, (a) First,( )n T T n G
j j∂ + ∂ , ( )n n G

j∂ and 

Gρ  or GP  is computed from Eq. (26) for 

Vα +∈ and a mass conservation constraint 
through a least squares method. (b) Next, fα

for 
−∈Vα is obtained from Eq. (26) through 

substitution. (Gas Interfacial Reconstruction 
Step) 

(iii)  For lattice nodes closer to the interface on the 

liquid side, (a) First, xLj , yLj and Lρ  or LP is 

computed from Eq. (25) for Vα +∈ and a mass 
conservation constraint through a least squares 

method. (b) Next, fα
for −∈Vα is obtained from 
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Eq. (25) through substitution. (Liquid Interfacial 
Reconstruction Step) 

(iv) On each side, for lattice nodes away from the 
interface, from Eqs.  (10), i.e. the LBE, through 
(16) the distribution functions and the flow field 
( ρ , u andP ) can be computed. (Bulk Flow field 

Computational Step) 
While we have restricted our discussion on this approach 

to 2D for reasons of brevity, it can be readily extended to 3D 
[46]. Notice that this procedure avoids the solution of a Poisson-
type equation for pressure. Next, we briefly discuss the MHD 
flow modeling using LBM. 

 

MAGNETOHYDRODYNAMIC (MHD) FLOW MODELING 
USING LATTICE BOLTZMANN METHOD 

In electrically conducting fluid flows in the presence of 
magnetic fieldB , a body force – the Lorentz force - is 
generated due to the interactions between the flow field, 
magnetic field and the induced current.  The Lorentz force is 

given by Lorentz = ×F J B where J is the current density. It may 

be noted that the magnetic field in the above is the total field, 
i.e. the sum of the applied and induced fields.  The effect of the 
Lorentz force on the hydrodynamics can be incorporated 

through extF term appearing in Eqs. (1) or (15).  The total 

magnetic field B evolves with time due to its interaction with 
the flow field and diffusion, which is generally represented by 
the magnetic induction equation [58]. In LBM, this magnetic 
induction equation is simulated by a solving a kinetic equation 

for the vector distribution functionαg which is given by [50, 

51] 

 ( )1
( , ) ( , ) ,eq

t t
m

t tα α α α αδ δ
τ

+ + − = − −ΞΞΞΞg x g x g g     (39) 

where αΞΞΞΞ represents the free-streaming velocity directions for 

the magnetic vector distribution function.  The magnetic 

relaxation time parameter mτ  is related to the magnetic 

resistivity η by
1

2m m tη θ τ δ = −    where 2 3m cθ =  and 

2 4m cθ =  in 2D and 3D, respectively. The equilibrium 

distribution function eq
αg  is a function of both velocity and 

magnetic fields ( ),eq eq
α α=g g u B  [50, 51]. The magnetic field 

and current density can be obtained by taking appropriate 
moments of the vector distribution function [50] 

0

,
mb

α
α =

=∑B g               (40) 

( )
0

1 1
,

mb

ijk i jk
m m m

gα α
α

ε
µ θ τ =

Ξ∑J = -             (41) 

where ijkε is the Levi-Civita permutation tensor,mµ is the 

magnetic permeability and mb is the number of free-streaming 

directions for the magnetic vector distribution function. 
 

RESULTS AND DISCUSSION 
First, some examples of the application of the MRT LBM 

are discussed in this section.  As shown and discussed in [34-
37], for standard multiphase flow problems such as 2D capillary 
waves and 3D drop oscillations it is found that an order of 
magnitude reduction in viscosities is possible with the 
application of the MRT model in lieu of the BGK model. We 
first consider the breakup of a cylindrical liquid column through 
Rayleigh instability resulting in the formation of drops, a 
fascinating problem of long standing theoretical and practical 
interests.  In a seminal work, Rayleigh (1878) [59] showed 
through a linear stability analysis of an inviscid column of 
cylindrical liquid of radius Rc that the column will be unstable if 

the axisymmetric wavelengthdλ  of any disturbance is longer 

than its circumference, i.e. the wave number / λc dk* = 2 Rπ  

is less than one.  Later, the theoretical analysis was extended to 
more realistic conditions by including viscosity.  In the last 
three decades, several experimental and numerical 
investigations have also been performed.  To evaluate the LBM 
model, the Rayleigh capillary instability for different 
wavenumbers was studied [29]. Initial studies carried out with 
k* > 1 showed that the liquid does not break-up.  

 
We will now present results of a case with break-up. All 

the results discussed in the section will be in lattice units unless 
otherwise stated. That is, the velocities are scaled by the particle 

velocity c and the distances by the lattice spacing xδ .Consider 

a cylindrical liquid column of radius Rc = 45 subject to an 

axisymmetric cosinusoidal wavelengthλ 600d = , i.e. 

0.47k* = .  To simulate the dynamics of instability for this 
wavenumber, we consider a domain discretized by 601×151 

lattice nodes with fluids having densities 0.1ρ =G , 0.4Lρ = , 

and viscosities 26.667 10lν ν −= = ×g  and surface tension 

parameter 0.10κ = . Since 1k* < , it is expected that the 
liquid column would eventually break up.  Figure 2 shows the 
configurations of the liquid column at different times.  The 
disturbance grows with time.  The column breaks up, forming a 
satellite droplet. The drop size distribution, i.e. the non-
dimensional size of main and satellite drops, as a function of 
wave number, k * was quantitatively studied in [29]. The 
results were compared with the solution based on the third-
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order perturbation analysis of the Navier-Stokes equations 
(NSE) [60], experimental data [61] and boundary integral [62] 
and finite element [63] solutions of the NSE. The LBM model 
was found to be able to reproduce the drop size distribution 
quantitatively within 12%. 

 
The next example of the MRT LBM is the simulation of 

binary drop collisions, which was studied for a range of 
parameters in [38]. At low Weber numbers, i.e. We = 20, the 
colliding drops coalesce permanently with the formation of 
stable microbubble, which was observed in experiments [64] 
and in prior simulations based on level set method [65]. At 
higher We, eventual separation of colliding drops are expected 
[66]. Figure 3 shows the temporal evolution of interfaces of 
equal-size colliding drops for a Weber number of 100 with a 
Reynolds number of 384.5, Ohnesorge number of 0.589 and 
density ratio, r of 4, and dynamic viscosity ratio, λ  of 4.  T in 
the figure is a non-dimensional time defined as 

1 2/( )tU R R+ where t is time, U is relative velocity and 1R  

and 2R are radii of drops. The collision dynamics exhibit the 

different phases of deformation and internal flow as pointed in 
[67]. Upon initial deformation of the temporarily coalesced 
drop, shown at T = 0.601, it undergoes radial stretching shown 
at times T = 1.551.  The rim recedes at T = 6.297.  It then 
undergoes axial stretching (see T = 9.461 and T = 19.904).  
Such stretching results subsequently in bulbous ends which 
breakup through the well-known `end-pinching' mechanism 
observed experimentally and computationally when drops are 
subjected to axial stretching [68, 69].   

We will now discuss an application of the regularized 
LBM. In the case of single-phase flows, it was shown that the 
regularized LBM can achieve lowering of viscosities by a 
factor of about 7 as compared to the standard BGK model [41].  
Initial computations of the formation of static drops with the 
regularized model for multiphase flows [42] results in a 
reduction in the viscosity by a factor of atleast 2 as compared 
to the standard model. Here, we discuss the simulation of the 
Rayleigh-Taylor instability using the regularized model. We 
consider a single-mode perturbation of the interface between 
the heavier fluid at the top and the lighter fluid at the bottom, 

with densities, 0.6Lρ = , 0.1ρ =G  respectively, and 

subjected to gravity.  The domain is discretized by 128 512×  
lattice grids where the first quantity represents the widthW . 
Gravity g is applied by setting the velocity scale 

RTu Wg= to be equal to 0.04 so that the flow is in the 

weakly compressible range. The relaxation parameter is 
chosen such that the Reynolds numberRe 128= .  For the 
chosen densities, the Atwood number 

( ) ( )/L G L GA ρ ρ ρ ρ= − +  becomes 0.714.  Surface 

tension is not considered for simplicity. Figure 4 shows the 
interface evolution at different times T which is a non-

dimensional time expressed by /RTT tu W= .  Notice that the 
heavier fluid flows down as a spike while the lighter fluid rises 
to form bubbles. At later times, the heavier fluid starts to roll 
up into two counter-rotating vortices. These are standard 
features of Rayleigh-Taylor instability [20, 70, 71], which the 
regularized LBM appear to reproduce well. 

Next, we discuss some preliminary computations carried 
out using the time-splitting LBM. Figure 5 shows the planar 
interfaces at two different times represented by zero level sets 
which separate a heavier fluid at the bottom and a lighter fluid 
at the top. The domain is discretized by 50×50 grids, in which 
the interface is set initially midway. In this simulation, the 
density ratio is 12. The relaxation parameters τ  for both the 
phases are equal to 0.99 each. The surface tension coefficient 
σ is kept equal to 0.0728 but since the interface is flat, and 
does not undergo deformation, curvature effects are small. The 
level set formulation is used to capture the interface. In this 
regard, a 3rd order Runge-Kutta total variation diminishing 
(TVD) scheme for time integration and a 5th order weighted 
essentially non-oscillatory (WENO) scheme for spatial 
derivatives is employed [72]. It is found that the time-splitting 
approach is able to maintain stable interface at longer times. 
To test whether the approach is able to maintain stable curved 
interfaces, a bubble is kept in a medium such that the density 
ratio is 2 and subjected to external acceleration. Figure 6 
shows the deformation of a moving bubble at different times 
and the computation remains stable at longer times. While 
these initial computations are encouraging, more detailed 
evaluations of the time-splitting approach are in progress. 

We will now present some applications of the MHD 
multiphase flows computed using the LBM. First, we consider 
an electrically conducting drop subjected to an initial velocity 
in the presence a spatially varying imposed field that is normal 

to the velocity.  A drop of radius 24dR =  is initially placed 

in a domain discretized by 300 300x yL L× = ×  lattice grids, 

where x represents the direction of the drop’s initial velocity. 
The applied magnetic field is given 

by '
0 0( ) /(1 exp( / ))yB x B x x= + − , where ' / 2xx x L= −  

and 0B  determines the magnitude of the field and0x  controls 

the sharpness of the spatial variation. We 

consider 0 0.002B = , 0 0.15( / 2)yx L=  and the initial 

velocity 0 0.015u = .  The set of physical parameters 

employed are the following:  densities 0.1ρ =G , 0.6Lρ = , 

surface tension parameter 0.03κ = , relaxation parameters 
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that determine fluid viscosities 0.54τ =G , 0.54Lτ = ,  and 

those that control magnetic 

diffusivities 0.55τ =mG , 0.55mLτ =  and magnetic 

permeability 1mµ = .   

Figure 7 shows the drop configurations and the normal 
component of the total magnetic field, i.e. imposed and the 
induced fields, at different times.   The initial magnetic field 
has spatial variation around the center of the domain, with the 
minimum and the maximum on the left and right sides, 
respectively, with respect to the center. As the drop moves 
forward, it is opposed by the viscous drag and the Lorentz 
force arising due to the interaction between the velocity and 
magnetic fields.  In the initial stages, prior to the drop 
reaching the center of the domain, the opposing force is 
predominantly due to viscous effects. This results in the 
expected deformation of the drop into oval shape (5000t = ), 
which then relaxes towards its original shape due to surface 
tension effects. However, as the drop approaches the region of 
spatial variation in the magnetic field ( 9000t = ), it 
encounters increasingly greater electromagnetic drag. Since 
the magnetic diffusion relaxation time scales are comparable to 
that of the viscous scales, the motion of drop modifies the total 
magnetic field, with the maximum field strength just in front 
of the drop.  As the drop moves further from the center, it is 
considerably decelerated by the increasing electromagnetic 
drag.  

Another MHD example considered involves the 
simulation of an electrically conducting liquid film flow in an 
inclined channel driven by pressure gradient and gravity and 
subjected to a spatially varying imposed field. The domain size 

is 300 60x yL L× = ×  and the form of the imposed magnetic 

field variation including 0B  and 0x are the same as in the 

previous case. The physical parameters are also the same as in 

the previous case expect the following: 0.70τ τ= =G L   

0.55τ τ= =mG mL . The imposed pressure 

gradient 7/ 5 10dp dx −= − × . Figure 8 shows the 

configurations of the liquid film at different times. The 
interactions between the pressure gradient, gravity and the 
spatially varying magnetic field results in surface wave motion. 
Figure 9 shows the velocity profiles at three different cross-
sections when 30000t = . The velocity profile in the cross-
section that is under the influence of magnetic field 
( 225x = ) shows the expected flattening due to the opposing 
Lorentz force effects.  

SUMMARY AND OUTLOOK 
In this paper, we reviewed some recent developments 

of the lattice Boltzmann method (LBM) for applications to 
interfacial multiphase fluid mechanics problems. The method 
is based on physical concepts that can be traced to kinetic 
theory. While it has attracted considerable attention in recent 
years, the method faces certain computational limitations when 
applied to problems of practical interest. This paper has 
focused on the discussion of two such limitations. First, the 
standard LBM becomes unstable at lower shear viscosities, or 
equivalently, higher Reynolds numbers.  Two approaches have 
been discussed to alleviate this limitation. One is the 
introduction of the multiple-relaxation time (MRT) models that 
allows independent control of various relaxation time scales. 
By appropriately adjusting these time scales, stability at 
viscosities which can be about an order of magnitude smaller 
as compared to that with the standard models can be achieved.  
As examples, the application of the MRT models to 
simulations of Rayleigh breakup of cylindrical liquid columns 
and drop collisions show good agreement with prior data [29, 
38].  

 
The second approach is based on 

regularizing/renormalizing the pre-collision distribution 
functions while retaining the single-relaxation time model.  
This leads to a simpler approach for improving stability. 
Greater stability is achieved by eliminating the unwanted 
kinetic modes inherent in the standard BGK model. Initial 
studies have shown that it is able to achieve lowering of 
viscosities by a factor of atleast two as compared to the 
standard BGK model without regularization. Simulation of 
Rayleigh-Taylor instability using the regularized model shows 
features that are consistent with the prior simulations. 

  
Second, the standard LBM becomes unstable when 

there is a large mismatch in density of the fluids. While a 
solution to this problem based on kinetic theory is not yet 
forthcoming, some efforts have been made to address this issue 
from a computational point of view. In this paper, we have 
proposed a time-splitting approach to alleviate the density ratio 
problem. In this approach, fluid motions in each phase are 
solved separately by means of the LBM, interfacial motion is 
advected by means level sets and the interfacial boundary 
conditions are matched sequentially by a procedure based on 
the Chapman-Enskog analysis.  In contrast to the other 
approaches which treat the interface as diffuse, this technique 
maintains a sharp interface. While analogous to the ghost-fluid 
method, it does not involve the solution of the Poisson-type 
pressure equation. This maintains the local nature of the LBM 
formulation and its easy parallelizability. Preliminary 
calculations using this approach are encouraging. 

 
Computations of MHD multiphase flows using LBM, 

for the first time, are reported in this paper.  First, we observe 



 11 Copyright © 2005 by ASME 

through simulations that an electrically conducting drop 
subjected to an initial velocity and passing through a sharply 
varying magnetic field in space encounters a significant 
electromagnetic drag thereby decelerating it. Second, it is seen 
that electrically conducing liquid film flow past an inclined 
wall driven by a pressure gradient and gravity and in the 
presence of sharply varying magnetic field in space results in  
significant surface wave motion.  

 
While the recent developments of the LBM have been 

significant, much remains to be done. Highlighting just a few 
possible future directions, techniques that introduce adaptive 
refinements of lattice grids in LBM for multiphase flows 
appear to be lacking. While the development of axisymmetric 
LBM [29] is a first step in achieving high fidelity simulations, 
adaptive mesh refinement is required in general cases.  The 
approach discussed in [73] may be extended in a similar vein 
as in [74] with adaptive capabilities for multiphase flow 
applications. Almost all the work on LBM for multiphase 
flows has been restricted to isothermal applications. This is 
because when energy transport is considered within the LBM 
framework, it is prone to numerical instabilities. Recently, 
successful applications have been attained by employing a 
hybrid approach, in which the fluid dynamics is represented by 
the LBM and the energy transport by a conventional approach 
such as the finite-difference method, which has the same 
stencil as the lattice, with an appropriate coupling between the 
two approaches [75]. Extension of this idea to LBM 
multiphase flow models would open up many new 
applications.   
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Figure 1.  SCHEMATIC VIEW OF LOCAL COORDINATE SYSTEM {n, T} ON 
THE INTERFACE S BETWEEN LIQUID AND GAS PHASES. DOMAIN IS 
DISCRETIZED BY MEANS OF LATTICE NODES. 

t=0 t=52000 

t=66000 t=80000 

Figure 2.  CONFIGURATIONS OF A CYLINDRICAL LIQUID COLUMN AT DIFFERENT TIMES UNDERGOING 
RAYLEIGH BREAKUP AND GENERATION OF SATELLITE DROPLET [29]; k*=0.47, ρ G = 1, ρ L =0.4, νL=νG = 
6.667×10-2. 
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Figure 3.  COLLIDING DROPS AT DIFFERENT TIMES, T SIMULATED USING MRT LBM [38]; 
 We = 100, Re = 384.5, Oh=0.589, r=4, λ=4. 
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Figure 4.  INTERFACE EVOLUTION FROM A SINGLE-MODE PERTURBATION UNDERGOING RAYLEIGH-
TAYLOR INSTABILITY SIMULATED USING REGULARIZED LBM; Re=128, A=0.714. 
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Figure 5.  STABLE PLANAR INTERFACE SIMULATED USING THE TIME-SPLITTING LBM. 

t=10 t=1000 

Figure 6 DEFORMATION OF A RISING BUBBLE IN THE PRESENCE OF GRAVITY SIMULATED 
USING THE TIME-SPLITTING LBM. 
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(a) t=0 (b) t=5000 (c) t=9000 

(d) t=19000 (e) t=21000 (f) t=25000 

Figure 7.  DROP CONFIGURATIONS AND NORMAL COMPONENT OF MAGNETIC FIELD AT DIFFERENT TIMES; 
 κ=0.03, ρ G =0.1, ρ L =0.6, τL=τG = 0.54, τmL=τmG = 0.55, µm=1. 
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Figure 9.  VELOCITY PROFILES AT DIFFERENT CROSS SECTIONS OF THE FILM FLOW DRIVEN BY PRESSURE 
GRADIENT AND GRAVITY SUBJECTED TO A SPATIALLY VARYING MAGNETIC FIELD;  κ=0.03, ρ G =0.1, ρ L =0.6, 
τL=τG = 0.70, τmL=τmG = 0.70, µm=1. 
 

Figure 8.  CONFIGURATIONS OF LIQUID FILM DRIVEN BY PRESSURE GRADIENT AND GRAVITY SUBJECTED TO A 
SPATIALLY VARYING MAGNETIC FIELD;  κ=0.03, ρ G =0.1, ρ L =0.6, τL=τG = 0.70, τmL=τmG = 0.70, µm=1. 
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