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ABSTRACT

The lattice Boltzmann scheme for solving the equations governing the flow of fluids has become
increasingly popular in recent years. In this method, a probability distribution function for the
velocity of fluid elements is computed at each grid point, which contrasts with more established
computational fluid dynamics methods, which solve for an average velocity. Advantages of the
lattice Boltzmann scheme are that it can deal with complex geometries relatively easily and the
numerical solution scheme readily lends itself to processing on parallel architectures. In this work,
the lattice Boltzmann scheme was implemented in a computer code and a number of models for
different flow phenomena were incorporated. A model for multicomponent flow was included and an
eddy viscosity turbulence model was incorporated in order that large eddy simulations could be
performed. Evolution of a passive scalar field was simulated by using an explicit Lax-type finite
difference scheme. Geometries used in the simulations described include flow around a cylinder and
over a backward-facing step. The speed of computation has been compared with that of a more
traditional CFD code, and the performance using parallel processing on a computer cluster has been
investigated, with the lattice Boltzmann code clearly demonstrating its strength in this regard.

1. INTRODUCTION

Most codes used for the simulation of fluid flows solve the equations governing the fluid
behaviour by using the finite difference approach. An alternative methodology, which has gained
popularity in recent years, is to use the lattice Boltzmann (LB) method. In this approach the fluid at
every point on a grid is considered to comprise fluid elements with a distribution of different
velocities. The general idea behind this scheme is that fluid motion can be represented by a

probability distribution function f;(X,V,?), where fis the probability of finding a fluid element with

velocity vector v at location x at a particular time ¢#. In practical implementations of this approach,
the distribution function is discretised in time and space with a finite set of velocities being used.
The use of several fixed velocities with probability distribution functions (sometimes called digital
fluid dynamics) contrasts to more conventional CFD models in which one variable velocity is used.
A comprehensive review of the lattice Boltzmann method is given by Chen and Doolen (1998), and a
brief description is also presented in the following section.

One advantage of the lattice Boltzmann method is that it is very well suited to parallel processing
on distributed memory architectures. At each time step, it is only necessary for a processor to
communicate with a fixed number of other processors, typically between two and eight depending on
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how the computational domain is divided up, and for large problems, the execution speed is roughly
proportional to the number of processors used. This contrasts with other methods where each
processor has to communicate with all, or many other, processors involved in the computation; in
this situation, when large numbers of processors are used, the time spent communicating can severely
reduce the execution speed compared to the lattice Boltzmann method where the execution speed is
almost proportional to the number of processors used.

Another benefit is that solution of the Poisson equation is not required in LB methods. Since this
takes up 80-90% of the CPU time in traditional solution methods, LB codes are also much faster per
time step. In addition, LB methods can handle flows in complex geometries relatively easily, and
deal with multiphase flows and complex chemistry.

2. THE LATTICE BOLTZMANN METHOD
In this approach to solving the equations of fluid dynamics, the fluid at every point on a grid is

considered to comprise fluid elements with a distribution of different velocities. The general idea
behind this approach is that the fluid flow can be represented by a probability distribution function

fi(X,v,t), where f is the probability of finding a fluid element with velocity v at location x at a

particular time f. In practical implementations of this approach, the distribution function is
discretised in time and space with a finite set of velocities being used.

In three dimensional implementations of this approach, both 15 velocity and 19 velocity models
are commonly used. The 15 velocity model is illustrated in Figure 1. In this model, the velocity
vectors correspond to the directions from the centre of the cube to the corner, the cube centre to the
middle of the faces, with one zero velocity vector.

The equations used in the lattice Boltzmann method are normally non-dimensionalised such that

these components have magnitude 0, 1 or V3. For example, the velocity vectors for the directions
corresponding to i =0, 1 and 8 are then:

e,=(0, 0,0 ¢=(,0,0) e, =, 1, 1) (1)
with similar relations for the other directions.

The following relations for the density, p, and the velocity, u, can be written as:
p=Y1 2a)
pu= Zei fi (2b)

where the summation is performed over all the different directions.
To calculate the evolution of the flow field with time, two steps are used. The first is known as

the collision step and represents the exchange of momentum due to interactions between fluid
elements with different velocities and other sources; this can be expressed as:

ffxt+)=f (x,1)+Q,(x,1) (3)

where  is known as the collision operator. The other step deals with the advection and is given by:
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fi x+e, t+1)=f(x, t+1) “)

12 13

Figure 1. Three-dimensional, fifteen velocity lattice
In these equations, a dimensionless time is used, the normalisation parameter is chosen such that
the fluid elements are advected to adjacent grid points in one timestep (with the exception of the rest

element).

Defining a relaxation time, 7, the collision operator can be expressed as:
Q =—(f (x, D= f“(x, 0)/T (5)

where f“/is an equilibrium distribution function. This then leads to the following form for the

finite difference lattice Boltzmann equation:

fi x+e,t+D)=f (x,0)+

f (x,t)—T £ (6)

In order to solve this equation, we need an appropriate formulation for the equilibrium distribution
function. A commonly used formulation for this is (Qian et al., 1992; Sankaranarayanan et al,
2002):

l

it =g L3 )2 e sal) = o ) ) 0

where a is an acceleration term accounting for forces acting on the fluid, such as gravity. The
relaxation time can be related to the dynamic viscosity, v, by

3
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7=3v+0.5 (8)

The w, coefficients are weighting factors which determine the distribution of the particles among the

different velocities. For example, in the 15 velocity model the following values are used:

w, =2/9 i=0
w, =1/9 i=1..6
w, =1/72 i=7,..14

3. PARALLEL PROCESSING

In order to test the performance of the lattice Boltzmann method on a multiprocessor
system, the LB code was set up to run on a networked computer cluster. The cluster used
had AMD processors running at about 2GHz, and the networking permitted data transfer
speeds of 1Gbit/sec — as such it can be regarded as being typical of a modern computer
cluster. Ten machines in the cluster were made available to us for our tests.

The example used was one of plane Couette flow, and two sizes of grid were used. One was
480x40x% 28 points (~ 0.5 million in total) and the other 120X 40X 28. The parallelisation involved
splitting the computational domain into a number of slabs, then assigning each slab to a different
computer. Thus when the first domain was run on ten machines, each processor was used to perform
the calculation on a sub-domain of size 48 X 40X 28 grid points. In order to proceed with the
simulation, the computations at each mesh point require data from adjacent nodes. For points on slab
boundaries, these data lie on other machines, so following each iteration, data packets are exchanged
between the computers processing adjacent slabs.
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Figure 2. (a) Total computational time taken  and (b) overall speed (Mflops normalised to 1)  for
running a LBM code on a parallel cluster. Slab decomposition used, with cuts along the
x-axis (the longest one)

Figure 2 shows the total amount of computational time taken (i.e. the time taken times the
number of processors) and the overall speed (reciprocal of elapsed time) against the number of
processors used; the results are normalised so that the times of both cases are the same for one
processor. If parallelisation were perfect, and data transfer between computers instantaneous, the
total computing time would remain constant and the lines in Figure 2a would be flat. As it is, they
rise somewhat as the number of processors is increased. There is a significant rise in the amount of
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time taken when two machines are used instead of one, which is due to the computational overhead
associated with the threading used to control the communication. As the number of CPUs used
increases, there is a modest increase in the amount of time taken. This is because while the number
of floating point operations performed by each sub-domain is inversely proportional to the number of
processors used, the amount of data needing to be exchanged remains constant. This is reflected by
the fact that the larger domain shows a much lower drop in performance, and one can see that the time
taken using 2 CPUs and the smaller grid is the same as that taken for 8 CPUs and the larger grid; in
both cases the sub-domains were the same size. What determines the proportion of the time spent
exchanging data is the ratio of the number of grid points on the boundaries to the total number of
points in the slab.

In order to assess the actual speed of the LB computations, a simple flow though a rectangular
duct was simulated using both the LB code and a finite difference code using the projection method to
solve the pressure Poisson equation. Figure 3 plots the ratio of the computational speed (timesteps
per unit time) of the LB code with that of the projection method (PM) code. Clearly, the LB code is
much faster, especially for larger grids.
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Figure 3. Ratio of LB code speed to that of conventional CFD code

These results of these tests confirm that LB codes run very efficiently, and indicate that scalability
on multiprocessor systems is good, particularly with larger domains.

4. MULTICOMPONENT FLOWS

To calculate the velocity and density fields requires only one distribution function for the case of
single-component flows. To extend the model to multi-component systems, a natural approach is to
use separate functions for each component, and it was this method that was used in this work. At this
point it is useful to briefly present the basic equations used to calculate these distributions. Equation
6 can be modified to give:

ff(x+e,t+1)=f7(x, 1)+

o €q,0
SR I C)
’ ’ +87(x, 1) ©))

T
where f? represents the number of fluid particles of component o, t is a relaxation time and S, is
source term. €, is the direction vector connecting the grid point at x with its neighbouring points,

in our code we used models with 15 directions or 19 directions. The equilibrium distribution f;* is

calculated using:
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1

£ =w p, [1 —d, +3e.(u+7a%) +%(ei -(u+1'a"))2 —%(u+ 7a’%)- (u+Ta")} (10)

w, is a weighting factor and determines how the fluid particle velocities are distributed among the

i

different directions and p the number density. The parameter d, is used to take into account the

difference in density of the fluids. a is an acceleration term resulting from forces on the fluid element.
Note that the velocity u is the bulk liquid velocity and will be the same for each component.

Sources may be due to chemical reactions creating a particular component or result from capture
of ions. Dealing with these sources is a relatively straightforward matter of incorporating them into
the final term in Equation (9). However, in the LBM it is necessary to assign a velocity distribution
to these sources and this may be done using Equation (10) to apportion the source according to the
equilibrium distribution.

The main consideration for multicomponent flows is the interactions between the components.
For example, to simulate immiscible fluids the effects of the molecular repulsion cause the fluids to
separate. There are a number of ways of dealing with this and the method tested in Phase I was
based on the work of Shan and Chen (1993, 1994) and was to introduce a force on the fluid elements
calculated as:

F’ (x) =—¢° (X)Z Z G ¢ (x+e,) (11)

where the summation is taken over each component and around neighbouring cells. ¢ is a function
of the component density; in the studies undertaken here, it was simply taken to be proportional to

the density of each component. The magnitude of the interaction force is controlled by Gfm’ and is

related to the surface tension. A similar equation can be written for fluid-wall interactions. The use
of this equation effectively models the effects of surface tension and can be used to keep the
components separate. It should be noted that care must be used when selecting values for G, —
some authors have suggested using the same constant value for each direction, but in these studies it
was found that this could result in interfaces preferentially aligning along grid directions or at an
angle of 45° to them. In the case of 2-D simulations this tended to result in octagonal droplets. In

our 3-D 15 velocity model, setting the values of G, for the diagonal directions to be one eighth of

those parallel to axes ensured isotropic behaviour.
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Figure 4. Flow of droplet down wall. Profile across interface of circled area shown in next figure.

An example obtained using this model is illustrated in Figure 4. In this case, an initially semi-
circular droplet attached to a wall with the surrounding fluid stationary. A gravitational force was
applied and the code was able to simulate the movement of the droplet. Initially the droplet spread
out along the wall due to capillary effects, then as the fluid accelerated it moved along the wall. It
should be noted that the angle of contact between the wall and the droplet is determined by surface
tension. Figure 5 shows the concentrations across the interface, i.e. a blow-up of the interfacial
region circled in Figure 4 — values are normalised to one, and it can be seen that the interface is about
three grid points across. As with all the computations we performed, a 3-D LB model was used —
since this was a 2-D problem, only one grid point was used in the third direction, with periodic
boundary conditions imposed.

Concentration

60 80 100
Grid point

Figure 5. Variation of concentrations of fluids perpendicular to interface
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3. THERMAL AND SCALAR TRANSPORT

The transport of heat or any other passive scalars in a prescribed velocity field, u, can be modelled
by using a transport equation:

%—‘f+v.(u¢) =V.(DVg)+¥ (12)

where ¢@ is the scalar, D is a diffusion coefficient and W is a source term. The variable diffusion

coefficient introduces an effective advection term which must be handled appropriately to avoid
instabilities (Succi et al., 1999).

Solution of this equation can be achieved by introducing a pseudo-velocity defined by:
U=u-VD (13)
If the flow is turbulent, the thermal diffusivity is given by:

_k(v+v,)
pCv

D (14)

where x is thermal conductivity, v is the viscosity and p the density. The turbulent viscosity Vv, would
be calculated by the turbulence model in the LB code.

A Lax type scheme was used for the finite differencing to give:

d(X,t+01) = %ZK%+UI.)¢(X —0xX,,1)+ (%_Ulfj(z)(x +5xi,t)} +¥(x,1)0t

+> [px +5x,,0) = 26(x,1) + p(x — 5x,.1) D,
l 1)

—Z[D(X+5Xl.,t)—2D(x,t)+D(X—5Xi,t)]¢(x,t)5t/(5xi)2

11 UTU  (x = 8X,,0)| §(X— O, + 0% ,,1) — p(x — X, = 6% ,,1) - |
_5,; USU (x+ 68X, 1) §(x+OX, + 6X ,,1) = P(x + 6%, — 6% 1) |
where

D, =Dét/(5x,)" - (1-3U7)/6
and

U =U,(x*3x,,1)

There are a couple of points to be made regarding this approach. First, the thermal equation is
decoupled from the equations governing the velocity. Second, the finite difference equation is
explicit — this has the advantage over an implicit formulation that it is easily parallelizable, retaining
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the advantage related to parallelisability of the LB method. The finite difference formulation has
been linked to the LB velocity field solver. This does not impact computing speed which is usually
determined in CFD codes by the velocity field solver in this case In conventional/continuum CFD
codes it is the solution of the pressure Poisson equation which takes most of the CPU time per
timestep.

A heat transfer scenario which was used to test this procedure was the Graetz problem. In this
case flow through a pipe with walls held at a constant temperature is simulated. The inlet
temperature is held constant, and in this simulation, there was a fully developed parabolic velocity
profile. Figure 6 shows temperature profiles across the diameter of the pipe at three different
locations from the inlet. These are in agreement with the analytical solution and indicates that the
LB code incorporating the passive scalar formulation discussed is suitable for the prototype in Phase
II. The method can be used for both heat transfer and as impurity transport.
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Figure 6. Temperature profiles downstream of entrance. Inlet temperature of 100, walls at 110.

S. COMPLEX BOUNDARIES

When calculating the fluid velocity at a grid point, values of the distribution functions at
neighbouring points are used. In cases where the grid point is adjacent to a boundary, this presents
problems when data from the wall side are required. For example, in Figure 7, values at point d are
required by points ‘a’, ‘b’ and ‘c’, but since there is no fluid at ‘d’, values are not available. The
solution to this is to use an extrapolation scheme in distribution functions on the fluid side and the
distance of the points from the wall are used to set artificial values at ‘d’. This is very
straightforward for straight boundaries that are parallel to the grid axes — the simple “bounceback”
scheme is used for this (Succi, 2001); for more complex shapes, the scheme of Mei et al. (2002) was
used. This approach is considerably easier than using a body-fitted grid, as would be done by finite
difference codes, as we shall show, works very well, confirming the capability of LB codes to handle
complex geometries without body fitting.
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Figure 7. Arrangement of grid points around boundary

A number of tests with different geometries were performed as a validation of the code, the object
being both to assess both the of the performance of the boundary conditions used and to verify that the
basic equations used by the LBM had been properly implemented. The first test involved flow over
a backward facing step. The flow at the inlet had a prescribed parabolic profile and there was a free
outlet far downstream of the step as shown in Figure 8 below:

— '--_\_1__5 i
— “'-~.i:;——r'f- -

> f
—_— L
:P Flow recircluation
e ZONES
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Figure 9. Velocity profiles downstream of step. Left at x/S = 6, right at at x/S = 20.
Figure 9 shows the velocity profiles calculated at two locations downstream from the step and

compares them with the experimental results of Armaly et al. (1983) for a Reynolds number of 1000
(based on the mean inlet velocity and twice the inlet height). Results are in close agreement, though

10
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differences can be seen. Simulations at lower Reynolds numbers gave much closer agreement with
experimental data, and it was suggested by Armaly that three dimensional motion at the higher
Reynolds number influenced the experimental results.

At higher Reynolds numbers, flow around a cylinder becomes unstable and produces vortices that
are carried downstream by the flow. Figure 10 shows a snapshot of instantaneous vorticity contours
for a flow past a cylinder with a Reynolds number of 81.6. In this case the flow is bounded at the top
and bottom by no-slip walls and a parabolic inlet profile was used, and we again used Mei et al.’s
method. Because of the flat walls and the cylinder, the geometry would normally be quite complex
to body fit, but is straightforward for the LB code. The plot shows clearly the presence of the
vortices, a measurement of the frequency with which these vortices were produced gave a value of
0.25 for the Strouhal number — in very close agreement to those found by other workers (Gergova,
2002).
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Figure 10. Vortex shedding from a cylinder. Flow is to right. Cylinder centred at (100, 100)

It was found that as well as giving good results, Mei et al.’s method was relatively easy to use.
Unlike conventional CFD methods, there is no need to generate a grid, whether body fitted or finite
volume that conforms to the shape of the boundaries — usually a major task. Instead a rectangular
grid is used, with the model requiring the distance of the boundary from adjacent grid points.
Numerical stability was very good when the 19 velocity model was used — for some cases numerical
oscillations were found when using the less isotropic 15-velocity model, an effect previously reported
in the literature. This confirms the expectation that the LB code could be applied in a
straightforward manner to complex geometries.

5 FREE SURFACES

One question which arises for a variety of flows in fusion systems, e.g. the liquid surface module
in the divertor experiment, is the behaviour of the free surface. In the case of flat surfaces, this is
relatively straightforward and a simple condition similar to the bounceback scheme can be applied.

11
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However, the situation is more complicated for cases where the surface deforms, and one part of
Phase I was to address how best to deal with this.

The approach adopted involves the use of an interaction force:
F(x)=-¢ (x)).G ¢ (x+e) (16)

This is similar to Equation (11) — indeed it is the special case of just one component. By using
appropriate relations for G, and the function @, one can simulate a fluid which exhibits a phase
transition with a dense and a light state (Nourgaliev et al., 2002, 2003). This equivalent to the

situation in real fluid where intermolecular attraction causes them to have a liquid and a gaseous state.
This approach was applied using the following form for @:

¢ =p,(1-exp(p/p,)) (17)

Simply using a relation where ¢ was proportional to the density caused numerical instabilities for
values of G, large enough to cause phase separation, but the above relation avoided these problems.

Using this approach, it is able to simulate separated flow without there being any need to explicitly
keep track of the interface — the boundary evolves automatically.

An example is shown in Figure 11 In this case, the simulation is started with a dense fluid layer
lying over a lighter fluid. Symmetry boundary conditions are applied to the sides, with solid walls on
the top and bottom. A small perturbation is applied to the interface, and a column of dense fluid
flows into the light fluid. The bulge which develops near the end of the column is due to Kelvin-
Helmbholtz instability, and development of the shape of the interface is similar to that found by He et
al. (1999).

12
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Figure 11. Penetration of a dense fluid (top) into a light fluid.

6 TURBULENT FLOW

Many flows of industrial interest are turbulent in nature and it is these that frequently pose the
greatest challenges for computational modelling. One of the simplest ways of simulating turbulent
flow is to use an algebraic eddy viscosity model. In this type of model, the effect of turbulence on
the dynamics of the flow is captured by substituting the molecular viscosity with an effective or eddy
viscosity. The Baldwin-Lomax and the Cebeci-Smith models are of this type and are discussed by
Granville (1987). In such models, the eddy viscosity is typically a function of the local vorticity, the
wall shear stress, and the distance from the boundary. A simple model of this type was implemented
in our code without any problems being encountered.

The more accurate way of modelling turbulence is to run a simulation at a high enough resolution
that all the turbulent eddies are captured, a technique known as direct numerical simulation (DNS).
No additional turbulence models are required and these simulations can be done with an LBM. The
principal drawback of DNS is that the very high resolution required results in large computational
demands.

An alternative to DNS is large eddy simulation (LES) in which the grid resolution is set to be
large enough to resolve the larger scale eddies, and the effects of the smaller scale eddies are
accounted for by introducing an eddy viscosity. A number of models for calculating the eddy
viscosity are available and in this work the model of Smagorinsky (1963) was used, in which an eddy

viscosity is calculated from the strain rate tensor, S i

13
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1/2

2
v, =(CsA) (25,8,) (18)
where Cjis a constant and A is the grid spacing.

This model was tested by simulating an open channel flow with a no-slip condition at the
bottom, a flat surface (free slip) at the top and periodic boundary conditions in the other
directions. Turbulence statistics for r.m.s. velocity fluctuations were compiled and found to
be in keeping with what is normally found in shear flow. Figure 12 compares the r.m.s.
velocity fluctuations in each direction with the channel flows results of Pan (1996). The sets
of data are in good qualitative agreement, showing similar trends. From a quantitative
perspective, there are significant differences; this was attributed to the fact that a much
lower grid resolution was used in the LB calculations.
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Figure 12. Turbulence intensities — values are normalised by the friction velocity

7. CONCLUSIONS

During this work, we were able to implement basic working models for many of the key aspects
of fluid behaviour into a lattice Boltzmann model. This resulted in a fully 3-D transient LB code
capable of handling complex boundaries, multicomponent flows, heat and passive scalar transport,
free surfaces and turbulence (using either a turbulence model or LES).

e It was verified that the LB code is highly parallelizable and scales almost linearly with the
number of processors, with scaling improving with domain size.

e It was shown that the use of potential functions to represent the effects of intermolecular
forces enabled modelling multicomponent, immiscible fluids and the effects of surface
tension — applications include flows with capillary effects and droplet/bubble behaviour. In
addition, this technique can be used to simulate condensable gases. The interface evolves
automatically using this method, removing the need to explicitly track the boundary — as such
it can be (and has been) applied to free surface flows.

14
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e A suitable finite difference scheme for heat transport was formulated. This scheme is also
applicable to the flow of passive scalars such as trace component transport. It is an explicit
scheme and only a knowledge of conditions at neighbouring grid points is required and is
one-way coupled to the parallelised LB velocity solver.

e A scheme for dealing with irregular and complex boundaries was implemented. This method
enabled flow past curved objects (cylinders and spheres were tested) to be accurately
simulated without developing a grid to conform to the boundaries and the objects and the
confining walls. It was clear that the LBM has great potential for modelling complex
geometries and this is one very strong point in its favour.

e The code has successfully been able to model a turbulent flow, resolving the eddies and
turbulence structures, indicating sufficiently low numerical diffusion to sustain turbulence —
often a problem with low order finite difference methods.
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